A digraph G = (V; E ) is primitive if, for some positive integer k, there is a u ! v walk of length k for every pair u; v of vertices of V . The minimum such k is called the exponent of G, denoted exp(G). The local exponent of G at a vertex u 2 V , denoted exp G (u), is the least integer k such that there is a u ! v walk of length k for each v 2 V . Let V = f1; 2; ; ng. Following Brualdi and Liu, we order the vertices of V so that exp G (1) exp G (2) exp G (n) = exp(G). It is known that exp G (k) s(n ? 2) + k for all k, 1 k n. The problem of characterizing the exponent set ES n = fexp(G) : G 2 P n g, where P n is the set of all primitive digraphs of order n, has been completely settled. We de ne the i th local exponent set ES n (i) := fexp G (i) : G 2 P n g for each i, 1 i n, and show that ES n (1) has a characterization which closely parallels that of ES n (n) = ES n . We conjecture that, except for minor changes, there are similar formulae for the ES n (i) for all 1 i n.
Introduction and Notation
Let G = (V; E) denote a digraph on n vertices. We permit loops but no multiple arcs. Let G = (V; E) be a primitive digraph on n vertices. In 1950, H. Wielandt 8] found that exp(G) w n = (n ? 1) 2 + 1 and showed there is a unique (up to isomorphism) digraph, W n , that attains this bound, where W n = (V; E) is de ned as follows: V = fu i : 1 i ng and E = f(u i ; u i+1 ) : 1 i n ? 1g f(u n?1 ; u 1 ); (u n ; u 1 )g. In 1964, A. L. Dulmage and N. S. Mendelsohn 2] observed that there are gaps in the exponent set ES n = fexp(G) : G 2 P n g, where P n is the set of all primitive digraphs of order n. Each gap is a set S of consecutive integers below w n such that no primitive digraph of order n has an exponent in S. In 1981, M. Lewin and Y. Vitek 3] found a general method for determining all the gaps between b 1 2 w n c + 1 and w n , and they conjectured that there is no gap in the interval 1; b 1 2 w n c + 1] . Their conjecture was proved for all n 6 = 11 in the works of J. Shao 5] and K. Zhang 9] . For n = 11, J. Shao showed that M. Lewin and Y. Vitek's conjecture is not true. Therefore, the problem of determining the exponent set is completely solved.
In 1990, R. Brualdi and B. In particular, when k = n, this yields the bound of Dulmage and Mendelsohn 2] on exp(G). In Section 2 we provide our own more self-contained proof of this result.
We de ne the i th local exponent set ES n (i) := fexp G (i) : G 2 P n g for each i, where for all n, where L(n) = f(p; q) : 2 p < q n; p + q > n; gcd(p; q) = 1g. Let r 1 < r 2 < < r t be positive integers such that gcd(r 1 ; r 2 ; ; r t ) = 1. The Frobenius-Schur index, (r 1 ; r 2 ; : : : ; r t ), is the least integer such that the equation x 1 r 1 + x 2 r 2 + + x t r t = n has a solution in non-negative integers x 1 ; x 2 ; : : : ; x t for all n (r 1 ; : : : ; r t Suppose jV (C p ) \V (C q )j 2. Without loss of generality, we suppose v 0 = u 0 ; v r = u t and V (C q ) \ fv i : 0 < i < rg = ;, where r 6 = 0, t 6 = 0 and r 6 = t. Then, n 1 = jV (C p ) V (C q )j jV (C q )j + jfv i : 0 < i < rgj = q + r ? 1 Our complete description of the rst local exponent set ES n (1) depends on proving the following three statements which taken together imply the main result, Theorem 9.
(1) If L(G) = fp; qg, where p < q and p + q > n, then We have already proved the rst part of statement (1) in Theorems 2 and 3. We prove the second part in the next theorem.
Theorem 4 Let positive integers p; q; n and m be given such that p < q n, p + q > n, gcd(p; q) = To make the paper self-contained, we include the proof; however, some details are omitted.
We denote by C q the cycle of the form (v 1 ; v 2 ; ; v q ; v 1 ). We have now proved statement (1) of page 6. Before proving statement (2), we mention a result on the Frobenius-Schur index which will be used in Theorem 6.
Lemma 2 ( 7, p . 79]) Let r 1 < r 2 < < r t be positive integers such that gcd(r 1 ; : : : ; r t ) = 1. Let i be the rst index such that r i 6 = r 1 for all integral . If there is an r j 6 = r 1 + r i for all non-negative integers ; , then (r 1 ; : : : ; r t ) br 1 =2c(r t ? 2):
Theorem 5 Let G be a primitive digraph with n vertices and suppose L(G) fp; qg with p + q n. Then, exp G (1) (n 2 ? 3n + 4)=2:
Proof. Suppose p < q. Since p + q n, we get p (n ? 1)=2. Therefore exp G (1) p(n ? 2) + 1 (n 2 ? 3n + 4)=2 by Theorem 1. 2
Theorem 6 Let G be a primitive digraph on n vertices and suppose jL(G)j 3. Then, exp G (1) (n 2 ? 3n + 4)=2:
Proof. Suppose L(G) = fr 1 ; r 2 ; ; r t g, where r 1 < r 2 < < r t . Since G is primitive, gcd(r 1 ; r 2 ; ; r t ) = 1.
Case 1: r 1 (n?1)=2. Then exp G (1) r 1 (n?2)+1 (n 2 ?3n+4)=2 by Theorem 1. Case 2: L(G) = fn=2; r 2 ; ng. Since n=2 < r 2 < n, gcd(n=2; r 2 ) = gcd(L(G)) = 1.
Also, because n 2 + r 2 > n, every (n=2)-cycle intersects any r 2 -cycle and so exp G (1) where L(n) = f(p; q) : 2 p < q n; p + q > n; gcd(p; q) = 1g.
The next theorem implies that the rst interval in the expression for ES n (1) in Theorem 9 can sometimes be increased. We end this paper with the following conjecture.
Conjecture 1 Except for minor changes, there are similar formulae for the ES n (i) for all 1 i n.
